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· Discuss Order Properties ofR
· Introduce completeness avoimfor R .

Reell additiveminesses
I

Ne ch~multiplicative ninesses .

induction : N is s.t . if meN ,thenmt1eN .

algebraic axiss for 2 .
-make & its a fied .

ROG .



Motivating Observation : GER s.t, q2= 2

P : Suppose onthe
contrary , that EqeCh s.t. q= 2 .

We wile q= for m, ne and min prime .

Then q=2 => (2) = 2 = m= =2 . -> m2 is even .

me even => m even . (sps ,
r=23-1 odd , then r2= (25-1)2

=> 492 - 45t1
We can write m=2t .

= 2(252- 25) + 1
Then me get (e)= 22 oddl . )

.

U

/
2

4t2
= Du2 . => U = 2t2 => & iseven .

But this contradicts the fact that m , n are coprine/..



But first , ordering properties forR :
A :

There is a non-empty subset PCR s.t .

1) If a R then exactly one of the following holds :
· a

= 8

- a = P 3 trickstory Property R = Pu30303atRs .t. -a =P] .

↑
·

-a t disjoint union :
2) If a ,beP , then a

+b = P .

3) If a,b GP, then abtP ·

Deflation :

If ac , then we write aso .

If acPU383, then me wite 93, 8 ·

If -a cp
,
then we write a<8 :

If . -acPrEs3, then we write a Or



If a-bep , then asb....

Trichotomy Prop -> exactly one of the 3 hold
: acb

,
a= b
, asb .

: a) If axb, bxc , then as

b) If a<b , then atc> btc for my ceR
.

2) If a<b , c> 0 , then ac2
be

If axb, 20 ,
then acbc

d) If aGR , atO , thena>8

e) 150

-) if neN ,
then us 8 : (3) above

↓
P : e) a>b means a b =P . If atP , then c . (a-b) = P

so Ca>cb · distributionaxiom
OTOH

, if 20 ,then-2GP · Socb -ca = (- 2)(a-b) =P .



So ebca :

Pf of (a) , (b) , (d) - (8) left as exercise .

for (e)
,
use (d) .

(5) , use (e) and induction . I,
completeness axiom for R

Back & & : R = 1 .41421356237 ....-
notion 28 limiet/
2

is these some number ms .t . M2 =E : approximation .
Def : Given SER ,

Sis bounded from alone if Amer sit . Sam USES -

(1 . u .b) ·

Add . from above) ·
· (Least UpperBand) : Given SER bod from above, GER is a least upper
band ofs if

1) us EseS

2) if EveR s-t . >s UseS, then niv .

Y



ps lin .
b
. ofS is unique

:

PS : Suppose u,i are l . u .
b

. of S S then by (2) , u = Y .

Butalso a si by interchanging the roles of u,n .

So nia (by trichotomy property) :/,
↑mh : So it makes sense to talk about theLu.b. of , and wewrite

u= supS . the surrum ofS .

: Infinim ofS (greatest lower band ofS) . is g..b . 2fI if
1) Uss FseS

2) If VISUseS , then van .

Alternative Defin of burb. : For SIR bod . from above, his sups if
D U,S UseS saug2) F5x0

,
ESseS Sit. U-E <Sa .



Exercise: Show that these two definitions are equivalent.

Note : if = sups , it isnot necessarily thecase that hes .
Example : (0 , 1) := [x+ R : 8 < x< 13 .

1 = sup10 ,)
,
but 14 (0 , 1)

.

N (Completeness of1) : "fills inthe gaps in
"

If SER is non-empty and bod . from above , then EveR
s.e . U

= SupS .

=> if SER is non-empty and bod. from below , then EveRs .t . = infS.

NextTime :

consequences of completeness.


